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Abstract 

Basic notions of continuous media mechanics are introduced for spaces 
with afiine connections and metrics. The physical interpretation of the notion 
of relative acceleration is discussed. The notions of deformation acceleration 
, shear acceleration, rotation (vortex) acceleration, and expansion accelera- 
tion are introduced. Their corresponding notions, generated by the torsion 
and curvature, are considered. A classification is proposed for auto-parallel 
vector fields with different kinematic characteristics. Relations between the 
kinematic characteristics of the relative acceleration and these of the relative 
velocity are found. A summary of the introduced and considered notions is 
given. A classification is proposed related to the kinematic characteristics of 
the relative velocity and the kinematic characteristics related to the relative 
acceleration. 

PACS numbers: ll.lO.-z; ll.lO.Ef; 7.10. -fg; 47.75. +f; 47.90.+&; 83.10.Bb 
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1 Introduction 

The notion of relative acceleration is very important for the modern gravitational 
theories in (pseudo) Riemannian spaces or in spaces with one affine connection 
and metrics. The theoretical basis for construction of gravitational wave detectors 
is related to deviation equations describing relative accelerations induced by the 
curvature. For continuous media mechanics in (iy„, g)-spaces the notion of rela- 
tive acceleration and its kinematic characteristics (deformation acceleration, shear 
acceleration, rotation (vortex) acceleration, and expansion acceleration) could be 
related to the change of the volume force in a continuous media. 

In Section 2 the physical interpretation of the notion of relative acceleration 
is discussed. The notions of deformation acceleration , shear acceleration, rotation 
(vortex) acceleration, and expansion acceleration are introduced. Their correspond- 
ing notions, generated by the torsion and curvature, are considered. In Section 3 
a classification is proposed for auto-parallel vector fields with different kinematic 
characteristics. In Section 4 relations between the kinematic characteristics of the 
relative acceleration and these of the relative velocity are found. In Section 5 a 
summary of the introduced and considered notions is given. In Section 6 a classi- 
fication is proposed related to the kinematic characteristics of the relative velocity 
and the kinematic characteristics related to the relative acceleration. 
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Remark. The present paper is the third part of a larger research report on 
the subject with the title "Contribution to continuous media mechanics in {Ln,g)- 
spaces" with the following contents: 

I. Introduction and mathematical tools. 

II. Relative velocity and deformations. 

III. Relative accelerations. 

IV. Stress (tension) tensor. 

The parts are logically self-dependent considerations of the main topics consid- 
ered in the report. 

2 Relative acceleration. Deformation acceleration, 
shear acceleration, rotation (vortex) accelera- 
tion, and expansion acceleration 

2.1 Physical interpretation of the notion of relative acceler- 
ation 

Let us consider the change of the vector Vu^{a)i. 

(a) along a curve .t'(t, Ag = const.) and 

(b) along a curve x*(to = const., A°). 



2.1.1 Relative acceleration 

(a) In the first case 

§^)(-ro,Ag) = (V„(V„C(a)±))(ro,Ag) = (V„ V„^(o)_L)(ro,Ag) = 
_ VM^(a)-L(ro+ciT,Ag) " VMC(a)-L(ro,Ag) _ 

dT^o dr 

^j.^ V Aro+rfr,Ag) V ArcAg) _ 

dr^O dr 

The vector V„V„$(a)± has two components with respect to the vector u: one 
component collinear to u and one component orthogonal to w, i.e. 

V„V„^(a)j_ = - • 5((V„V„C(a)_L, W) • W + ff[^u(V„V„C(a)_L)] = 



e 

~ka) 
e 



U + reia(a) , (2) 



where 



ha) = fi'(VuV„^(o)_L, W) , re;a(a) = 5f[/l„(V„V„^(a)_L)] 
ha) = '"J ' reia^a) = 9[hu \^-^ 

g{u, reia) = . 

The vector ^ J^ii'^ determines the change of the velocity "'^^j"''^ at the point 
(to, Ag) and, therefore, it describes the total acceleration of a material point at the 
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point (ro,Ag) 



a(a)±(ro,Ag) 

The total acceleration totaio-(a) has two parts. The first part a{a)\\ is the change 
of the velocity DS,(^a)±/dT along the flow. The second part a(a)j_ is the acceleration 
of the material points orthogonal to the flow. The last acceleration is exactly the 
relative acceleration reio.(a) between material points lying at the cross-section of the 
flow orthogonal to it. This is so, because a(^a)i^ for dr — s- is lying on the cross- 
section, orthogonal to u, where this cross-section is determined by the infinitesimal 
vectors ~ ' C(a)±; o, ~ 1, . . . , n — 1, connecting the material point with co- 

ordinates a;'(ro, Ag) with the material points with co-ordinates {a;'(ro, Ag -I- dA")}, 
a = l,...,n — 1. So, the orthogonal to u part reio-(a) of the total acceleration 
totaia{a), written as 

reia(a) = g[hu (^^^-^^^] , (4) 

has well grounds for its interpretation as relative acceleration between material 
points of a flow, lying on a hypersurface orthogonal to the velocity u of the flow. 

The representation of the relative acceleration by means of its different parts, 
induced by the absolute acceleration, by the torsion, and by the curvature leads to 
the corresponding interpretation of the different types of relative accelerations in a 
flow. The different types of relative accelerations could be expressed by the different 
types of velocities, generated by the relative velocity. So we have a full picture of 
the forms of relative accelerations and of the forms of relative velocities as well as 
the relations between relative accelerations and relative velocities in a continuous 
media. 

2.2 Kinematic characteristics connected with the notion rel- 
ative acceleration 

2.2.1 Relative acceleration and its representation 

We will recall now some results already found in the considerations of the relative 
acceleration and its kinematic characteristics from a more general point of view . 

The notion relative acceleration vector field (relative acceleration) reia can be 
defined (in analogous way as reiv) as the orthogonal to a non-isotropic vector field 
u [g{u,u) = e 7^ 0] projection of the second covariant derivative (along the same 
non-isotropic vector field u) of (another) vector field ^, i.e. 

reia = gihuiVuVuO) = 9'^ ' hjj: ■ (C'' • w');m • u"' ■ e, . (5) 

V„V„$ — (^' • u');m • M™ • Ci is the second covariant derivative of a vector field 
^ along the vector field u. It is an essential part of all types of deviation equations 
in Vn-, {Ln,g)-, and (L„, 5)-spaces [|l -f- 0. 

If we take into account the expression for 



i(a)||(ro,Ag) +a(a)±(ro,Ag) , 



(3) 



- ■ u 



(■^o.Ag) 
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and differentiate covariant along u, then we obtain 

V„V„C = {V„[(fc)ff]}(0 + (fc)(5)(V„0 - ^u{£iu) 
By means of the relations 

Ha) 9 = k , 

^uiHg)] = (V„/c)(g) + fc(V„g) , 
{'^u[k{g)]}g = V„fc + k{Vug)9 , 
V„V„^ can be written in the form 

V„V„C = ^ • H{u) + B{K)^ - k{g)£^u - Vu{£iu) (6) 

[compare with = | • a + k{hu)£, — £(,u], 
where 

H = B{g) = {Vuk){g) + fc(V„5) + k{g)k{g) , 
B = Vuk + k{g)k + k{Vug)g = V„fc + k{g)k - k{g){Vug) ■ 
The orthogonal to u covariant projection of V„ will have therefore the form 

KiVu^uO = hu[^- • Hiu) - k{g)£^u - S/u£zu] + [K{B)Km ■ (7) 

In the special case, when g{u,£,) = 1 = and £^u = , the above expression 
has the simple form 

/i„(v„v„o = K{B)Km = MO , (8) 

[compare with /i„(V„0 = [hu{k)hu]{0 = d{^)]. 

The explicit form of H{u) follows from the explicit form of H and its action on 

the vector field u 

H{u) = {Vuk)[g{u)] + k{Vug){u) + k{g){a) = Vu[k{g){u)] = V„a . (9) 
Now /im[V„VmC] can be written in the form 

/i«(V„V„0 = K[-^ ■ V„a - k{g){£^u) - Vu{£^u)] + A{£,) (10) 
[compare with /lu(Vu^) = hu{^ ■ a — £^u) + 

The explicit form of ^ = hu{B)hu can be found in analogous way as the explicit 
form for d = hu{k)hy, in the expression for ^eiv- 
On the other side, by the use of the relations 

v„(/i„(v„0) = (v„/i„)(v„o + ^«(v„v„o > 
/i«(v„v„o = v„[5Uiv)] - (v„/i„)(v„o = 

= C^ug){reiv) + g{yu{reiv)) - (V„/l„)(^ • U + reiv) = 

= C^ug){reiv) + g{Vu{relv)) - - ■ {Vuhu){u) - {Vuhu){reiv) (H) 

e 

V„/i„ = Vug-[u{-)]-g{u)<S:g{u)---[g{a)iSig{u)+g{u)iSig{a) + 
+(V„fif) (m) g{u) + g{u) {Vug) {u) , 

(V„/l„)(r-eiW) = (yu9){reiv) - - ■ [g{a, reiv) ' g{u) + (V„5)(u, reiv) ■ g{u)] , 
V„[5(U, reiv)] = U[g{u, reiv)] = = (V„5f)(u, reiv) + g{a, reiv) + g{u, Wu{reiv)) , 
{'Vuhu){reiv) = {Vug){reiv) H 9{u, Vu{reiv)) ■ g{u) , 
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(V„/i„)(u) = {Vu9){u)-e-[u{^)]-g{u)- 

-i • [e • g{a) + g{a, u) ■ g{u) + e ■ (V„s()(m) + (V„5)(u, u) ■ g(?^2,) 
we can find /Ju(V„V„^) in the forms 

/iii(V«V„^) = huCVuireiv)) ~^-[ul- g{a, - (V„5)(m, ^)] ■ 

UG 1 1 

■{[—--■ 9{u, a) --■ {\/ug){u,u)]- g{u) - g{a)} , (13) 



5[/i«(V„V„0] = 5[/i«(V„(reiw))] -^-[ul- g{a, ^ - (V„ff)(u, 0] • 

liG 1 1 

■{[— - -■ g{u,a) - -■ {Vug){u,u)]- u- a} . (14) 
Special case: y„-spaces: Vug = 0, I = 0, e = const., g{u,a) = 0. 

huiVuVuO = hu{Vu{reiv)) - - ■ g{a,£,) ■ g{a) . (15) 

e 

Under tlie additional condition g{a,^) :— 0: /im(V„V„^) = /iu(V„(re;t'))- 
Under the additional condition a := (auto-parallel vector field u, inertial flow): 

/l«(V„V„0 = huCVuirelv)). 

2.2.2 Deformation acceleration, shear acceleration, rotation accelera- 
tion, and expansion acceleration 

The covariant tensor of second rank A, named deformation acceleration tensor can 
be represented as a sum, containing three terms: a trace-free symmetric term, an 
antisymmetric term and a trace term 

A = ,D + W+ ^— -U-K (16) 
n — 1 



where 



D = hu{sB)hu (17) 

W = hu{aB)hu (18) 

U = g[sA]=g[D] (19) 



sB = -- {B'i + B^') ■ ei.Cj ,aB=-- {B'^ - B^') ■ a A e,-, (20) 



sA=^-{Aij+Aji)-e\e^ , (21) 

^D = D--^-g[D]-K = D--^-U-K. (22) 

n — 1 n — 1 

The shear-free symmetric tensor sD is the shear acceleration tensor (shear accel- 
eration), the antisymmetric tensor W is the rotation acceleration tensor (rotation 
acceleration) and the invariant U is the expansion acceleration invariant (expansion 
acceleration). Furthermore, every one of these quantities can be divided into three 
parts: torsion- and curvature-free acceleration, acceleration induced by torsion and 
acceleration induced by curvature. 

Let us now consider the representation of every acceleration quantity in its 
essential parts, connected with its physical interpretation. 
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The deformation acceleration tensor A can be written in the foUowing forms 

A= ,D + W + ■U-K = Ao + G= pAo- tAo + G , (23) 

n — 1 

A= ,Do + Wo + ■Uo-K+ sM + N+ ^— -I-hu, (24) 

n — 1 n — 1 

A = ,i.L>o Wo + -F Uo ■ K- 
-{stDo+ tWo + ^-tU ■K)+ (25) 
+ sM + N+^-I-hu , 



where 

= fAo - tAo = sDo + Wo + -Uo-K, (26) 

n — 1 

fAo = sfDo + fWo + ■ fUo ■ K , (27) 

n — i 

pAaiO = K{yu<^) , U = gKm , (28) 

tAo = stDo + tWo + -T f/o • , (29) 
n — 1 

G= ,M + 7V+^-./-/i„ = /i„(jr)/i„ , (30) 

n — i 

/i„([i?(u, = K{K)hJO for V ^ e T(M) , (31) 

[R{u, ^)]u = V„ V^u - V„u - V£„5M , (32) 

K = K''' -ck^ei , K''' = mnr ■ g"' -u^-u^ , (33) 
■mnr cire the components of the contravariant Riemannian curvature tensor, 

= K^'-CkAei, K^' = ^-{K>''-K"') , (34) 

= Kf-ek.ei, K^' = ^ ■ {K'^' + K"') , (35) 

sD= ,Do+ sM , W = Wo + N = fWo - tWo + N , (36) 

U = Uo + I = fUo- tUo + I , (37) 

sM = M- -1^ -I-K, M = K{Ks)hu , I = g[M] = ■ Mij , (38) 

N = K{Ka)K , (39) 

sDo = spDo - stDq = fDq ^— - • fUq ■ K - {tDq ^— - • tUq ■ K) , (40) 

n — 1 n — 1 

sDo = ,fDo - tDo 3— • {fUo - tUo) ■ K , (41) 

n — 1 

,Do = Do- ^— -Uo-hu, (42) 
n — 1 

sF-Do = fDo ^ • fUo ■ hu , fDo = hu{bs)hu , (43) 

n — 1 

b = b, + ba, 6 = 6'=' • efc (8 , = • 5"' , (44) 

a'==n^„•u'", 6,=6f-efe.ei, 6f = ^ • (6'=' + 6"=) , (45) 

6a = 6^'-e,Ae; , 6^' = 1 • (6^=' - &"=) , (46) 



fUo = 9[fDo] = g[b] - ^ ■ g{u, V„a) , g[b] = 5^ ■ , (47) 
stDo = tDo • tUo ■ K = sfDq ~ sDo , tDq = fDq ~ Do , (48) 

71—1 

Uo = 9[Do] = fUo - tUo , tUo = ^[t^o] , (49) 

fWo = K{ha)K , tWo = fWo - Wo . (50) 
Under the conditions £^u — , ^ — = g\hu{C}\ ? = 0)i tti6 expression for 
^u(V„Vu^) can be written in the forms 

K[VuVui±) = A(e±) = AoiU) + G{U) , (51) 

/iu(v„v„e±) = F^o(e±) - T^o(e±) + ciu) , (52) 

/i«(V„V„e±) = {sfDo + fM^o + • fC/o • .9)(a)- 

- {stDo + tWo + ■ tUo ■ gKU) + (sM + N+ • / • g)iU) , (53) 

n — 1 n — 1 

which enable one to find a physical interpretation of the quantities sD,W,U and of 

the contained in their structure quantitieSsF^'oi pWo, fUq, stDo, tWo, tUq, sM, 

iV, /. The individual designation, connected with their physical interpretation, is 

given in the Section 11 - Table 1. The expressions of these quantities in terms of 

the kinematic characteristics of the relative velocity are given in a section below. 

After the above consideration the following proposition can be formulated: 

Proposition 1 The covariant vector g{reio.) — ^u(V,iV„^) can be written in the 
form 



where 



gireia) = hu[- ■ Vua - Vx^uU - Vui£^u) + T{£^u, u)] + A{^) , 

A{0 = sD{0 + W{0 + ■ U ■ h^iO ■ (54) 

n — 1 

For the case of affine symmetric connection [T{w,v) = for y w,v E T{M) 
, T^. = 0, r*J^. = ] and Riemannian metric [V^g = for Vw £ T(M), g.j,^ = 
0] kinematic characteristics are obtained in y„-spaces, connected with the notion 
relative velocity [?] , [?] , and relative acceleration [Q . For the case of afhne non- 
symmetric connection \T{w, v) ^ for \/ w,v € T{M) , F*^ ^ F^^] and Riemannian 
metric kinematic characteristics are obtained in [/^-spaces [Q. 

3 Classification of auto-parallel vector fields on the 
basis of the kinematic characteristics connected 
with the relative velocity and relative accelera- 
tion 

The classification of (pseudo) Riemannian spaces Vn, admitting the existence of 
auto-parallel (in the case of Ki-spaces they are geodesic) vector fields (V„ii — a ~ Q) 
with given kinematic characteristics, connected with the notion relative velocity [?], 
can be extended to a classification of differentiable manifolds with contravariant 
and covariant affine connections and metrics, admitting auto-parallel vector fields 
with certain kinematic characteristics, connected with the relative velocity and the 
relative acceleration. In this way, the following two schemes for the existence of 
special type 1 and 2 of vector fields can be proposed (s. Table 2). Different types 
of combinations between the single conditions of the two schemes can also be taken 
under consideration. 
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3.1 Inertial flows. Special geodesic vector fields with vanish- 
ing kinematic characteristics, induced by the curvature, 
in (pseudo) Riemannian spaces 

On the basis of the classification 2 the following propositions in the case of V^-spaces 
can be proved: 

Proposition 2 Non-isotropic geodesic vector fields in Vn-spaces are geodesic vector 
fields with curvature rotation acceleration tensor N equal to zero, i.e. N = 0. 



Proof: 



N = hu{Ka)hu = hik ■ K^' ■ hij ■ A 



(55) 



For the case of V^-space, where 

-^kmnr ^nrkm 7 ^kmnr 9kl ' mnr 5 (^^) 

the conditions 

pfc rl ril rk r/k I r>l k (r^7\ 

^ mnr * y — nmr ' ij 1 ^ mn — nm 1 W / 

follow and therefore 

= ^ • (-R" mnr " 9^' " R' mnr ' S''") • • = , (58) 

Ka = Q ,N = Q. 

Proposition 3 Non-isotropic geodesic vector fields in Vn-spaces with equal to zero 

Ricci tensor (Rik = R^ iu = din'R"^ iki = o-^e geodesic vector fields with curvature 
rotation acceleration N and curvature expansion acceleration I, both equal to zero, 
i.e. N = 0, 1 = 0. 

Proof: 1. Prom the above proposition, it follows that Ka = and N = 0. 

2.1 = g[K]= g,, ■ K'^ = g,, ■ W ^,„, • g"-^ ■ ■ = 

= 5[-i?*™„.-w'"-M" = i?™„-«™-u" = 0. (59) 



Proposition 4 Non-isotropic geodesic vector fields in Vn-spaces with constant cur- 
vature 

m, ri)]v = ^.^^_^y Ro- [9{v, 9{v, V)<], V^,7?,t; e T(M), (60) 

[in index form 

R 

J'*^' = n ■ (n - 1) ' '■^^ ' ^^'^ ~ ' ' ^ " const.] (61) 

are geodesic vector fields with curvature shear acceleration and curvature rotation 
acceleration, both equal to zero, i.e. gM = 0, N = 0. 

Proof: 1. Prom the first proposition in this subsection above, it follows that 
N = 0. 

2. ,M = M ^—-I-hu, M = hu{Ks)hu = 9{Ks)9 , 

n — 1 
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M = g{Ks)g = Qik ■ K^^ ■ 9ij ■ e\e^ = Mij ■ e\e^ , 

Mij = gtk ■ R'' mnr ■ 9''' ■ 91] ■ vT ■ = Rimnj • • u" = ^ _ ■ e • h^j , (62) 

M = — -hu , e = g{u, u) = gij -u' -u^ , (63) 

n • (n — 1) 

/ = g[K] = g[M] = g'^ ■ Mij = ^ ■ Ro ■ e , g'^ ■ hij = n - I , (64) 

sM = M ^ ■l-hu = 0. 

n — 1 

The projections of the curvature tensor of the type G = hu{K)hu (or i?* jki ■ 
■ v}') along the non- isotropic vector field u acquire a natural physical meaning as 
quantities, connected with the kinematic characteristics curvature shear acceleration 
sM, curvature rotation acceleration N, and curvature expansion acceleration /. 

The projection of the Ricci tensor ((/[ii'], or Rik ■ • u'^) and the Raychaud- 
huri identity for vector fields represent an expression of the curvature expansion 
acceleration, given in terms of the kinematic characteristics of the relative velocity 



g[M] = Rij -u' -u 
- g"^ • ,E,k ■ g''' ■ oi, + • Sik ■ 5^ • w/, + ^0 + ;r3T • ^0 • ^+ 



+ \ ■ [a'= ■ (e,fe - Un ■ T^^ ■ m'" - gmn;k ■ ■ - • ■ W™) + 

+ i •(«'=• efc);, • - i • ((7™„;fc- m'^I;, -U^- 

^ • [f • (e,fe • u'^f - {e,k ■ «'=) • 9mn;l ■ ■ ■ + { ■ {gmn;l ■ v} ■ ■ U^f] , 

e- = 9k-u'' . 

(65) 

In the case of V"„-spaces the kinematic characteristics, connected with the relative 
velocity and the relative acceleration have the forms: 

a) kinematic characteristics, connected with the relative velocity 

d = do di = k = ko 

a = = m = 

u; = S Q = q = 

6 = 60 6»i = V„u = a ^ , a = 

b) kinematic characteristics of a non-inertial flow, connected with the relative 
acceleration (V„u = a 7^ 0) 

A = fAq + G tAq =0 N = Q 

G= sM+^-I-K stDo = 

W = fWo tWo = 

U = fUo + I tUq = V„w = o 7^ 

c) kinematic characteristics of an inertial flow, connected with the relative ac- 
celeration {VuU = a = 0) 

A = G tAo = N = 

G= ,M+^-I-K stDo = 

W = tWo = 

U = 1 tUo = V„M = = 

On the basis of the different kinematic characteristics dynamic systems and flows 
can be classifled and considered in V^-spaces. 
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3.2 Special flows with tangent vector fields over (L„, 5')-spaces 
with vanishing kinematic chciracteristics induced by the 
curvature 

The explicit forms of the quantities G, M, N and /, connected with accelerations 
induced by curvature, can be used for finding conditions for existence of special 

types of contravariant vector fields with vanishing characteristics induced by the 
curvature. G, M , N and / can be expressed in the following forms: 

G = K{K)K = 9{K)9 - \ ■ g{u) ® \g{u)]{K)g , 

K[g{u)] = , ^'"'> 

M = hu{K,)hu = g{Ks)g - ^ • {g(u) ® [g{u)]{K)g + [g{u)](K)g ® g(u)] = 
= Mij ■ dx\dx^ = Mc,p ■ e".ef , Mij = M,, , 

Mij = h ■ [9ik ■ 9-ij + 9jk ■9-u-\-{ui- gj. + Uj ■ gj.) ■ u-^] ■ R'' mug ■u^'-u^- gi' , 

(67) 

/ = g[M] = g[Ks] - g[K] = Rp„ ■ ■ u'' = Ru ■ ■ u\ (68) 

N = K{Ka)K = g{Ka)g - ^ • {g{u) ® [g{u)]iK)g - [g{u)]{K)g (g> giu)} = 
= Nij ■ dx' A dx^ = Nocfj • e" A e'^ , Nij = -Nji , 

% = 5 • hk ■ 9-ij - 9jk ■9-H-\-{ui- 9jj - uj ■ gj^) ■ u-^] • R'' mm ■u^-u''- . 

(69) 

By means of the above expressions conditions can be found under which some 
of the quantities M, A'', I vanish. 

3.2.1 Flows with tangent vector fields witliout rotation acceleration, 
induced by the curvature {N = 0) 

If the rotation acceleration N , induced by the curvature vanishes, i.e. if A?' = 0, 
then the following proposition can be proved: 

Proposition 5 The necessary and sufficient condition for the existence of a flow 
with tangent vector field u [g{u,u) = 6^0/ without rotation acceleration, induced 
by the curvature (i.e. with N = 0), is the condition 

= 1 . {u ® [giu)]{K) - [g{u)]iK) ® u} . (70) 
Proof: 1. Sufficiency: Prom the above expression it follows 

N = hu{K^)hu = 
= g{K^)g-^^ ■ {g{u) ® [g{u)]{K)g - [g{u)]{K)g ^ g{u)} = , 
g{[g{u)]iK)) = [g{u)]{K)g. 

2. Necessity: If N = hu{Ka)hu = 0, then 

g{Ka)g = ^ • {g{u) ® [g{u)]{K)g - [g{u)]{K)g <E> g{u)} , 
Ka = j-,-{u(^ [g{u)]{K) - [g{u)]{K) ® u} . 



In co-ordinate basis the necessary and sufficient condition has the forms 
where 



p_ Jin 



ikl 



11 



Proposition 6 A sufficient condition for the existence of a flow with tangent vector 
field u [g{u,u) = e ^ Q] without rotation acceleration, induced by the curvature (i.e. 
with N = 0), is the condition 

Ka = ■ (72) 

Proof: From Ka = and the form for N, N = hu(Ka)K, it follows N = 0. 
In co-ordinate basis 

Ka = can be presented also in the form 

[g{m[R{u,y)]^) - [9{vmR{u,0]u) = , \/C,ve T{M) . 

In this case M = G = g{K)g , I ^ g[G\. 

Proposition 7 A sufficient condition for the existence of a flow with tangent vector 
field u [g(u, u) = e ^ 0/ without rotation acceleration, induced by the curvature (i.e. 
with N = 0), is the condition 

g{r^, [Rit v)]w) = g{^, [R{r^, w)]v) , Wr,, ^,v,w e T{M) , (74) 

or in co-ordinate basis 

IkjM=Ihu,- (75) 
Proof: Because of R{£,,u) — —R{u,£,) and for rj = v the last expression will be 
identical with the sufficient condition from the above proposition. 

Remark 1 // the rotation velocity lj vanishes {lo — 0) for an auto-parallel (VuU — 
0) contravariant non-null vector field u, then the rotation acceleration tensor W will 
have the form 

= 2 ' - ct(V„5)/i„] . 

From the last expression it is obvious that under the above conditions the non- 
metricity (V„g ^ 0) in a (L„,5)-space is responsible for nonvanishing the rotation 
acceleration W . 

3.2.2 Contravariant vector fields without shear acceleration ^M, in- 
duced by the curvature (^A/ = 0) 

Proposition 8 The necessary and sufficient condition for the existence of a con- 
travariant vector field u [g{u,u) = e ^ 0] without shear acceleration, induced by the 
curvature (i.e. with = Q), is the condition 

M = ■I-ha = • g[M] ■ hu . (76) 

n — 1 n — L 

Proof: 1. Sufficiency: From the expression for M and the definition of sM = 
M ^ • / • /i„ it follows sM = 0. 

2. Necessity: From = = M - ^ ■ / • /i„ the form of M follows. 

In co-ordinate basis the necessary and sufficient condition can be written in the 
form 

{ [9.,k ■ gjj + 9jk -ff-U-h • fflj +^J-9-u)- Wfc] • R'' runs ' 5^' " 

The condition sM = is identical with the condition for Ks'. 

Ks = ■I-h^ + -^-{u^ [giu)] (K) + [g{u)] (K) ® u} . (78) 

n—l 2 ■ e 
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3.2.3 Contravariant vector fields without shear and expeinsion acceler- 
ation, induced by the curvature (^M = 0, / = 0) 

Proposition 9 A sufficient condition for the existence of a contravariant vector 
field u [g{u,u) = e Oj without shear and expansion acceleration, induced by the 
curvature (i.e. with gM = Q, I = Q), is the condition 

Ks = ^ -{u® [g{u)] (K) + [g{u)] (K) ® u} . (79) 
Proof: After acting on the left and on the right side of the last expression with 

9 

g{Ks)g = 2^ • {g{u) ® [g{u)]{K)g + [g{u)]{K)g (g) g{u)} , 
g{[giu)]{K)) = mu)]iK))g = [g{u)]iK)g , u{g) = g{u) , 

and comparing the result with the form for M, 

M = hu{Kg)hu = g{K,)g - • {g{u) ® [g{u)]{K)g + [giu)]{K)g ® g{u)} , 

^ * €■ 

it foUows that M = 0. Since / = g[M], it follows that 7 = and = 0. 

Proposition 10 A sufficient condition for the existence of a contravariant vector 
field u [g{u,u) = e 0] without shear and expansion acceleration, induced by the 
curvature (i.e. with gM = 0,1 = 0), is the condition 

Ks = . 

Proof: From the condition and the form of M, M = hu{Ks)hu, it follows that 
M = and therefore / = and = 0. 

3.2.4 Contravariant vector fields without shear and rotation accelera- 
tion, induced by the curvature (sM = 0, iV = 0) 

Proposition 11 A sufficient condition for the existence of a contravariant vector 
field u [g{u,u) = e 0] without shear and rotation acceleration, induced by the 
curvature (i.e. with sM = , N = 0), is the condition 

yv,^GT{M), ReC-iM). ^ ' 

Proof: Since v is an arbitrary contravariant vector field it can be chosen as u. 
Then, because of the relation 

hu{[R{u, = hu{K)hu{0 = G(0 , (81) 

it follows that 

G = hu{K)hu = ,^ ■e-hu = Gs, Ga = hu{Ka)hu = . (82) 
n • (n — 1) 

Therefore 

M = Gs= f'^^, -hu, N = Ga = 0, (83) 
n • (n — 1) 

I = - ■ R-e , ,M = . (84) 

n 

In co-ordinate basis the sufficient condition can be written in the form 
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and the following relations are fulfilled 

Rjk = R' jki = Qi- jki = ^- R- gjk , 

R = 9'" ■ Rjk , (86) 
I = Rjk-u^ ■u'' = ^-R-e. 

Proposition 12 The necessary and sufficient conditions for the existence of K in 
the form 

K=^.g[K]-h^ (87) 

are the conditions 

«M = , Ka = 0. 

Proof: 1. Sufficiency: From Ka = it follows that K ^ Kg, N = and M = 
g{K,)g = g{K)g. Therefore, / = g[M] = g[K]. From ,M = M - ^ • / • /i„ = 0, it 
follows that M = ^^-^Y • g[K] ■ hu = g{K)g. From the last expression, it follows the 
above condition for K. 

2. Necessity: From the condition K = • g[K] - ft,", it follows that K ~ Kg 
and therefore Ka = 0, iV = and M = • g[K] ■ hu, I = g[K] [because of 
hu{h^)hu = hu, hu{g)hu = hu]- From the forms of M and /, it follows that 
,M = 0. 

Proposition 13 A sufficient condition for the existence of a contravariant vector 
field u [g{u,u) = e ^ 0/ without shear and rotation acceleration, induced by the 
curvature (i.e. with gM = , N = 0), is the condition 

K=^.g[K]-h^ . 
n — 1 

Proof: Follows immediately from the above proposition. 

3.2.5 Contravciriant vector fields without expansion acceleration, in- 
duced by the curvature (/ — 0) 

By means of the covariant metric g and the tensor field K{v,^) the notion con- 
travariant Ricci tensor Ricci can be introduced 

Ricci{v, = g[K{v, 0] , Vt;, ^ G T{M) , (88) 

where 

K{v,0 = jki ■ 9"" • -^^ ■di<S>dm = R" f}-y. ■ g^^ -vf^ -C ■ea<S>es , (89) 
and the following relations are fulfilled 

Ricci{ea, ep) = g[K{ea, e/s)] = Raf3 , 

Ricci{d,, dj) = g[K{d„ dj)] = R^j , (90) 
Ricci{u,u) = g[K{u,u)] = g[K] = I . 

Proposition 14 The necessary and sufficient condition for the existence of a con- 
travariant vector field u [g{u,u) = e 7^ 0/ without expansion acceleration, induced 
by the curvature ( i. e. with 1 = 0), is the condition 

Ricci{u,u) = . 
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Proof: It follows immediately from the relation Ricci{u,u) = g[K{u,u)] = 
g[K] = I. 

Proposition 15 A sufficient condition for the existence of a contravariant vector 
field u [g{u,u) = e ^ OJ without expansion acceleration, induced by the curvature 
(i.e. with 1 = 0), is the condition 

Ricci{ea, ep) = i?a/3 = ai3^ = , .g^x 
Ricci{di, dj) = Rij = R^ iji = . ^ ' 

Proof: Prom Ricci{di,dj) — Rij = 0, it follows that 

Rij ■ ■ = ■ ■ Ricci{di, dj) = Ricci{u, u) = I = 0. 

In a non-co-ordinatc basis the proof is analogous to that in a co-ordinate basis. 

The existence of contravariant vector fields with vanishing characteristics, in- 
duced by the cmvatmc, is important for mathematical models of gravitational in- 
teractions in theories over £()-spaces. 

4 Kinematic characteristics connected with the rel- 
ative acceleration and expressed in terms of the 
kinematic characteristics connected with the rel- 
ative velocity 

In this section the relations between the kinematic characteristics connected with 
the relative velocity and the kinematic characteristics connected with the relative 
acceleration are found. A summary of the definitions of the kinematic characteristics 
is also given in Table 1.. 

The deformation, shear, rotation and expansion accelerations can be expressed 
in terms of the shear, rotation and expansion velocity. 

(a) Deformation acceleration tensor A: 

A=\- huip) ® huia) + a{g)a + uj{g)uj + ^ ■ 9 ■ [a + iv) + ^ ■ {6- + ^) ■ hu+ 

-^CT{g)uj + uj{g)a + Vucr + V„w + ^ • hu{a) ® {g{u)){2 ■ k - V„g)/i„-t- 
+ i • [a{a) ® g{u) + g{u) (E> a{a)] + \ ■ [uj{a) g{u) - g{u) (E> (j{a)]+ 
+/i«(V„5)cr + hui'Vug)^} , 

(92) 

where 

k = e + s - {m + q) = ko - {m + q) , 
k{g)£^u = W£^uU- T{£^u,u) . (93) 



15 



In index form 

+ aik ■ ■ U>lj - (Tjk ■ g^^ ■ UJli + ■ ■ U)ij + LVij-r ■ u'^ + 

+ ^-a'' ■ ■ Uj - UJ--J: ■ Ui + • h^^j • wtt • (2 • fc"' - 5"' -r ■ 
+1 ■ iKk ■ 9"^' ■,r-u^- % - ■ 9^"' .r-u^- 

+1 ■ (Kk ■ 5''' ;^ • • ^ij - ^fc • 9''' ;r • • Ulji) = 
= Dij + Wij , e- =uO = u^ -8^6 = 6 i-u\ 

1 1 ' ^^^^ 

^(y) ~ 2 ' ^^^^ ~^ ^^^^ ' ^['■'1 ~ 2 ' ~ ^■'^^ ' 

(b) Shear acceleration tensor gD = D — -^^^ ■ U ■ 

D = \- hu{a) (g) hu{a) + a{g)a + ui{g)uj+ 

+ 2^ • [hu{a) «) (5(u))(2 • k - V„^)/i„ + hu{{g{u)){2 ■ k - Vug)) ® hu{a)]+ (95) 
+ i • [(j{a) O g{u) + g{u) O (j{a))]+ 
+ 1 • [/iu(V„5)cr + a{Vug)hu\ + \ ■ [hu{Vug)oJ - w(V„5)/i„] . 

In index form 

Dij = Dji = \-h.-^-a^ -a^ ■ hj. + a.^ • g^' ■ aj. + o;.^ • 5" • ujj.+ 
+^ ■0-aij + ^- {e- + ^) ■ hij + aij,k ■ 
+\ ■ '^^ :{^;fc • % + ^jfc • 

'^Hii ■ hj)i • [S'™' ■ ~ 5rs;m • m'' • - 2 ■ T^^ ■ u"" ■ Un) - Un ■ ff"' • + 

+ i • (/lifc • ^''^ ;m • • i^lj + hjk ■ g'''- -m-U^ ■ ^li) ■ 

(96) 

(c) Rotation acceleration tensor W 

W = a{g)uj + u{g)(7 + ■ 9 ■ uj + V„a;+ 

+ i • [uj{a) ® g{u) - g{u) ® w(a)]+ , . 

+^-[hu{a)®{g{u))(2-k-VuW^,u-K{{g{u)){2-k-Vug))®K{a)\+ ^ ' 
+k ■ {huiVug)o- - (T{'Vug)hu] + \ ■ [hu{'Vug)(^ + u){Vug)hu] ■ 

In index form 

W^j = -Wji = (Jik ■ • uJij - (jjk ■ g^^ ■'JJU + -^-6 ■ ujij + ujijj^k ■ 

+ ^■0.^ ■ {w.-f • Uj - LO.-^ ■ Ui + • h.^j ■ [ff™' • (e,m - grs-m ■ ■ u^- 

-2-T^^-u'' ■uj,)-uj,- g^'^m ■ M™] }+ (98) 

+ 1 • {hik ■ 5*"' ;m • • Crij - hjk ■ g^^ ;m • • CFu) + 

+ 5 • (^S • ff" ;™ • • ^-ij - hj-k ■ 9'' ■,m-u^- . 

(d) Expansion acceleration U 

[/ = i • g{a, a) + g[a{g)a] + g[io{g)u;] +9- + ^-9^+ 
+ l-[2-g{u,Vau)-2-g{u,T{a,u)) + {Vug){a,u)] (99) 
-■^ ■ g{u, a) • [3 • g{u, a) + (V„5)(u, u)] . 
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In index form 

U =\-gj--a' -a^ +g'^ ■ 5*^' ■ <Jik ■ aji - g'^ ■ g'''' ■ ojik ■ ujji+ 

-Un-g^^ .m-vT]- 

+ 3 • {gij;k ■ u'' ■ u' ■ u^f] . 

(e) Torsion-free and curvature-free shear acceleration tensor sfDq 

sfDo = fDo 7 • fUq ■ hu 

n — 1 

fDo = hu{bs)hu , fUo = g[b] - - ■ g{u, V„a) . 

e 

In index form 

{FDo)ij = {fDo)j, = ^ • % • {a^ ;« • 5"' + a' ;n • 5"'') • hy , 

fUo = a'' ;fc - i • • u'' • a' ;™ • = 
= a'= ;fc - i • [{g-g ■ 1**= • a');m • - gki-.m ■ w" • u'' ■ a' - .g^ • a'= • a'] . 

(f) Torsion-free and curvaturc-frcc rotation acceleration tensor fWq 

fWq = K{ha)hu ■ 

In index form 

(g) Torsion-free and curvature-free expansion acceleration pUo [s. (e)]. 

(h) Curvature- free shear acceleration tensor = Dq — -Uo ■ hu 

Do = huibs)K - \ ■ [sP{g)o + (T{g)sP] ~ \ ■ {Q{g)io + w(5)Q]- 

• (^1 • + e • " 71^ • (^1 + • • ^) • - V„(«P)- 

-i • [,P(5)w - c^(5).P] - \ ■ {Q{g)o - o{g)Q\- 
■ \hu{a) (g) {g{u)){m + q)hu + hu{(g{u)){'m + qj) (g) /i„(a)]- 
-i • [sP{a) eg) + g{u) ® .P(a)]- 

-5 • [hu{Vug)sP+ sP{'^ug)hu] - \ ■ [hu{^ug)Q - Q{'^ug)hu] • 

In index form 

{Do)ij = {Do)ji = • h^y^ ■ -m- g"' - sPk{i ■ <^j)i ■ 9^^ - Qk{i ■ ■ 
-T^ ■ (Oi ■ a,, + ■ ,R,i) - -1_ + _i_ . . e)_. hij- 

- sPij;m ■ + sPk{i ■ ^3)1 ' ff*"' + Qk{i ' <^j)l ' 9^^^ - 

-^ • [sPik ■ ^3 + sPjk ■ + ■ ^3)1 ■ • " • • 

(i) Curvature-free rotation acceleration tensor Wo 

W^o = hMK - \ ■ [sP{9)<J - <j{g)sP] - \ ■ [Q{g)oj - ^{g)Q\- 
-^■{Oi-uj + e-Q)-WuQ-^- [sP{g)u> + u>{g),P]- 

-\ ■ [Q{g)a + a{g)Q] - \ ■ [Q{a) ® g{u) - g{u) ^ Q{a)]- 

• [hu{a) (g) {g{u)){m + q)hu - hu{{g{u)){m + q)) (g) hu{a)]- 
-5 • [/i«(V„5)^P - sP(V„5)/i„] - 1 • [/i„(V„g)Q + Q(V„5)/i„] . 
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In index form 

iWo)ij = -{Wo)ji = h^. ■ h.^j ■a'^ .m- 5™' - ■ ■ 9^^ - Qk[i ■ ^j^i ■ 

— • (^1 • f^ij + ^ • Qij) — Qij;m ' + 

+sPk[i ■ ■ 9^^ + Qk[i ■ crj]l ■ 9'^''- 

+ sP-ki, ■ h^fi ■ 9'' ;m • + Q-f J, • h.^j ■ g^' ,^-u^ . 

(j) Curvature- free expansion acceleration C/q 

t^o = 9\h\ - 9{sP{9)o\ - miaM ~0i~^-0i-e- 

-\ ■ [giu, T{a, u)) + g{u, V„a)] . 

In index form 

Uo = a'' ■,k~9^ ■ sPk ■ 5^ • aij - ■ Q^k ■ • i^ij - di - ^ ■ di ■ 6- 

+ \ ■ (e,fc • U^),l - U^ -\ - {gmn-r ' u'^);s • ■ • It"] . 

(k) Shear acceleration tensor induced by the torsion stDq 

stDq = tDq 7 ■ tUq ■ hu 

n — 1 



tDq = \- lP{g)<J + <j{g)sP] + 5 • [Q{9)^ + w(5)Q]+ 
+ ^ -{Oi-a + e- ,P) + ^-i9, + ^-9,-9)-hu + V„UP)+ 
+ i • [,P{g)uj - uj{g)sP] + i • [Qig)a - a{g)Q] + 
+ 2^ • [hu{a) O {g{u)){m + q)hu + K{{g{u)){m + q)) ® /i„(a)] + 

+\ ■ iPia) (E) g{u) + g{u) P(a)] + 
+5 • [K{^u9)sP + sP{^u9)hu] + \ ■ [/i„(V„5)0 - g(V„5)/i„] . 

In index form 

{TDo)ij = {FDa)ij — {Da)ij ■ 
(1) Expansion acceleration induced by the torsion tUq 

tUo = 9[sP{9)ct] + 9[Qi9)io] + + ■ 6^ ■ 6 + ^ ■ g{u, T{a, u)) . 

In index form 

tUo = fUo — Uq . 
(m) Rotation acceleration tensor induced by the torsion tWq 

tWo = 1- [sP{g)a - u{g)sP] + f • - w{g)Q)]+ 

+^ • (^1 • a; + ■ Q) + V„Q + I ■ [sP{g)u: + uj{g)sP]+ 
+ \-[Q{9)o + a{g)Q] + 
+ 2^ • [hu{a) ® {g{u)){m + q)hu - K{{g{u)){m + q)) (g) /i„(a)] + 

+ \ ■ [Qia) «> g{u) - g{u) ® Q{a)] + 
+\ ■ [hu{^u9)aP - sP{Vu9)hu] + \ ■ [hu{Vug)Q + Q{Vug)K] . 

In index form 
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(n) Shear acceleration tensor induced by the curvature gM = M — ■ I ■ hu 

M=\- hu{a) ^ hu{a) + i • [sE{g)a + a{g),E] + i • [S{g)u; + uj{g)S] + 
+ ^ ■ {Oo ■ a + 6 ■ ,E) + ^ ■ [6-^ + ^ ■ Oo ■ e)K + V„(,£)+ 
+ i • [sE{g)u - u{g),E] + \ ■ \S{g)G - o{g)S\^ 
+ 2^ • \huia) ® {g{u)){ko + V„5)/i„ + hu{{g{u)){ko + k- V„3)) (g) hu{a)] + 
+ i • [sE{a) ® g{u) + g{u) ® si;(a)] + 
+ ^ • [/i«(V„5).£^ + si^(V„5)/i„] + i • [/i„(V„5)'S - S{Vu9)hu]- 

-hu{bs)hu . 

(117) 

In index form 

Mij = Mj, = \-hr^-a^ -a^ ■ hy + sEk(^ ■ ajy ■ g^^ + Sm ■ ojjy ■ g^^+ 
■ i^o ■ (Jij +0 -jEij) + ■ (6'o_+ -Oo- 0) ■ hij- 
- sEk(i • u)j)i ■ g^^ - Sm ■ aj)i ■ g^^ + sEij-k ■ 
+\-a^- [.% • Uj + sE^j ■ + • h.yi ■ • (e,„ - • " ■ u"-- (118) 

+ sE^^i ■ hj^j ■ g"' ■,s-u'' + • h.y, ■ g'^' ,,-u'- 

(o) Expansion acceleration induced by the curvature / 

I = ~9[b] + 9[sEig)a] + g[S{g)u;] + 9, + ^■90.0+ 

+ i • [2 • g{u, Vau) - g{u, T{a, u)) + u{g{u, a))]- (119) 
-■^ ■ 9{u, a) • [3 • g{u, a) + (V„5')(m, u)] . 

In index form 

/ = Rij ■ ■ = -a^ -j + g'^ ■ 5*=' • ^Eik ■ aij + g'^ ■ g'''' ■ S'ifcj uJij + 
• ■ «™) + !•(«'=• e,fe),i • - i_ (.9,^„;, • vn,s ■ ■ ■ 

• [f • (e,fc • u''f - (e,fc • W*) • gmn;r • w'' • w"" • u" + 3 • (c/mn;r ■ W ■ u"" ■ u")^] . 

(120) 

(p) Rotation acceleration tensor induced by the curvature A'' 

iV = i • lE{g)a - a{g)sE] + i ■ [S{g)w - w{g)S]+ 
+ ^ ■{9o-to + 9-S) + VuS+^- UEig)u; + wig)sE]+ 
+^.[S{g)a + a{g)S] + 
+ 2^ • [hu{a) (g) {g{u)){ko + k- Vug)K - hu{{g{u)){ko + k- V„5)) /i„(a)] + 

+ 1 ■ [S{a) (g) g{u) - g{u) ® S{a)] + 

+ 5 • [huV7ug)sE - sE{Vug)hu\ + \ ■ [hu(yug)S + 5(V„5)M- 

-hu{ba)hu . 

(121) 

In index form 

Nij = -Nji = sEk[i ■ (Jj^i ■ g^^ + Sk[i ■ LOj]i ■ .g'^' + 7^ • {Oo ■ t^ij + d • Sij) — 
— sEk[i ■ ujj]i ■ 5*^' — S^ii ■ cTj]i ■ g^^ + Siy,k ■ - /ijTjj ■ /i^jj ■ -m- 5™'+ 

+ e ■ • [% • % ~ % • + • ■ 3™' • (^.™ ~ • ■ 

-grs;m ■ vT ■ + 9m¥;s ' ' u'')] " s-E'fefi ' ^j], ' ;s ' - S-f j. • /l^.jj • 5'=' ■ U** . 

(122) 
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5 Table 1. Kinematic characteristics connected 
with the notions relative velocity and relative 
acceleration. A summary of the definitions 

5.1 Kinematic chciracteristics connected with the relative ve- 
locity 

1. Relative position vector field 

(relative position vector) = g(/iu(^)) 

2. Relative velocity ^eiv = 9{hu{^u0) 

3. Deformation velocity tensor 

(deformation velocity, deformation) .. d = do — di=a + u}-\ — ^ ■ ■ hu 

4. Torsion-free deformation velocity tensor 
(torsion-free deformation velocity, torsion-free deformation) 
do = sE + S + ■ 60 ■ hu 

5. Deformation velocity tensor induced by the torsion 
(torsion deformation velocity, torsion deformation) 

dx = sP + Q+:^-Oi-K 



6. Shear velocity tensor 

(shear velocity, shear) a = gE — gP 

7. Torsion-free shear velocity tensor 

(torsion shear velocity, torsion shear) gE = E — ■ 60 ■ 



8. Shear velocity tensor induced by the torsion 

(torsion shear velocity tensor, torsion shear velocity, torsion shear) 
sP = P — ■ 9i ■ hu 

9. Rotation velocity tensor 

(rotation velocity, rotation) u) = S — Q 

10. Torsion- free rotation velocity tensor 
(torsion-free rotation velocity, torsion-free rotation) 
S = hu{s)hu 

11. Rotation velocity tensor induced by the torsion 



(torsion rotation velocity, torsion rotation) Q = hu{q)h' 

12. Expansion velocity 

(expansion) 9 = 0^ — 0-^ 

13. Torsion-free expansion velocity 

(torsion-free expansion) 0o = g[E] 

14. Expansion velocity induced by the torsion 

(torsion expansion velocity, torsion expansion) 0i = g[P] 



5.2 Kinematic chciracteristics connected with the relative ac- 
celeration 

1. Acceleration a = "^uU 

2. Relative acceleration reio- = 5(/iu(V„V„^)) 

3. Deformation acceleration tensor 

(deformation acceleration) A = gD + W + ^^^j - U ■ hu 

A = Ao + G 

A = fAo - tAo + G 

4. Torsion-free and curvature-free deformation acceleration tensor 
(torsion-free and curvature-free deformation acceleration) 

fAo = gpDo + fWo + ■ fUq ■ hu 

4. a. Curvature-free deformation acceleration tensor 
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(curvature-free deformation acceleration). Aq = sDq + Wq + ■ Uo ■ hu 
5. Deformation acceleration tensor induced by the torsion 
(torsion deformation acceleration tensor, torsion deformation acceleration) 
tAo = stDo + tWo + ■ tUq ■ /i„ 

5. a. Deformation acceleration tensor induced by the curvature 

(curvature deformation acceleration tensor, curvature deformation acceleration) 
G= sM + N+^-I-K 

6. Shear acceleration tensor 

(shear acceleration) = D — ■ U ■ hu 

sD = sDo +, M 

sD = sfDo - stDq + sM 

7. Torsion-free and curvature-free shear acceleration tensor 
(torsion-free and curvature-free shear acceleration) 
sfDq = pDo — • fUq ■ hu 

7. a. Curvature-free shear acceleration tensor 

(curvature-free shear acceleration) = Dq — -^^^ -Uo-hu 

sDq = sfDq — stDq 

8. Shear acceleration tensor induced by the torsion 
(torsion shear acceleration tensor, torsion shear acceleration) 

sT-Do = tDq — • tUq ■ hu 

8. a. Shear acceleration tensor induced by the curvature 
(curvature shear acceleration tensor, curvature shear acceleration) 
sM = M-^-I-hu 

9. Rotation acceleration tensor 

(rotation acceleration) W = Wq + N 

W = fWo - tWo + N 

10. Torsion-free and curvature-free rotation acceleration tensor 
(torsion-free and curvature-free rotation acceleration) 
fWo = hu{ba)hu 

10. a. Curvature-free rotation acceleration tensor 

(curvature-free rotation acceleration) Wq = W — N 

Wo = fWo — tWq 

11. Rotation acceleration tensor induced by the torsion 
(torsion rotation acceleration tensor, torsion rotation acceleration) 
tWq = fWq — Wo 

11. a. Rotation acceleration tensor induced by the curvature 
(curvature rotation acceleration tensor, curvature rotation acceleration) 
N = hu{Ka)hu 

12. Expansion acceleration U = Uo + I 

U= fUo- tUo+I 

13. Torsion-free and curvature-free expansion acceleration 
fUo = qIfDo] 

13. a. Curvature-free expansion acceleration Uq = g[Do] 

Uo = fUo — tUo 

14. Expansion acceleration induced by the torsion 

(torsion expansion acceleration) Uo = qItDq] 

14. a. Expansion acceleration induced by the curvature 

(curvature expansion acceleration) I = g[M] = g[G] 
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6 Table 2. Classification of non-isotropic auto- 
parallel vector fields on the basis of the kine- 
matic characteristics connected with the relative 
velocity and relative acceleration 

6.1 Clzissification on the basis of kinematic characteristics 
connected with the relative velocity 

The following conditions, connected with the relative velocity, can characterize the 
vector fields over manifolds with afSne connections and metrics: 

1. CT = 0. 

2. w = 0. 

3. 9 = 0. 

4. a = 0, w = 0. 

5. a = 0,0 = 0. 

6. Lu = 0,0 = 0. 

7. cr = 0, w = 0, 6* = 0. 

8. sE = 0. 

9. S = 0. 

10. 0o = 0. 

11. ,E = 0, S = 0. 

12. = 0,00 = 0. 

13. S = 0,00 = 0. 

14. ,E = 0, S = 0, 00 = 0. 

15. ,P = 0. 

16. Q = 0. 

17. 01 = 0. 

18. ,P = 0,Q = 0. 

19. ,P = 0,01 = 0. 

20. Q = 0,01=0. 

21. ^p = o, g = o, 6»i =0. 

6.2 Classification on the basis of kinematic characteristics 
connected with the relative acceleration 

The following conditions, connected with the relative acceleration, can characterize 
the vector fields over manifolds with affine connections and metrics: 

1. sD = 0. 

2. W = 0. 

3. U = 0. 

4. ,D = 0,W = 0. 

5. ,D = 0,U = 0. 

6. W = 0,U = 0. 

7. ,D = 0,W = 0,U = 0. 

8. ,M = 0. 

9. N = 0. 

10. 1 = 0. 

11. ,M = 0, N = 0. 

12. ,M = 0, I = 0. 

13. N = 0,1 = 0. 

14. ,M = 0, N = 0, I = 0. 

15. stDo = 0. 
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16. 




= 0. 






17. 


tUo = 


= 0. 






18. 


stDq 


= 0, 


tWo 


= 0. 


19. 


stDq 


= 0, 


tUq 


= 0. 


20. 


rWa 


= 0, 


tUo ~ 


= 0. 


21. 


stDq 


= 0, 


tWo 


= 0, 



The kinematic characteristics related to the relative velocity and the friction ve- 
locity are related to deformations and tensions. The last statement will be discussed 
in the next paper. 

7 Conclusion 

In the present paper the notion of relative acceleration is introduced and its cor- 
responding kinematic characteristics (deformation acceleration, shear acceleration, 
rotation acceleration,expansion acceleration) are considered. On their basis classi- 
fication of contravariant vector fields are proposed for describing flows with special 
properties and motions. The consideration arc important for developing appropriate 
models of flows and continuous media in relativistic and more general (gravitational) 
field theories. 
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